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A PREDETECTION POLARIZATION DIVERSITY COMBINER

By Chase P. Hearn
Langley Research Center

SUMMARY

This paper describes the theory, development, and laboratory performance of an
experimental polarization diversity combiner. The combiner operates in conjunction
with orthogonally polarized S-band antenna feeds and pedestal-mounted downconverters.
The system is designed to eliminate effectively the received signal loss caused by polari-
zation mismatch, and will accommodate radiofrequency bandwidths as large as 9 MHz.
The use of a multiloop carrier tracking servomechanism for phase-coherent combination
of the input signals limits the system application to the class of modulated signals having

carriers.
INTRODUCTION

Depolarization between spacecraft and earth-based antennas can degrade an other-
wise satisfactory communication link. The polarization of an electromagnetic wave
received by an earth terminal is dependent on a number of factors: propagation phenom-
ena (Faraday rotation), spacecraft orientation, and geometry as well as transmitting
antenna configuration. Choice, or control, of all these factors to guarantee a satisfactory
received polarization is not always feasible. For example, a space vehicle which is not
stabilized with respect to the earth is generally equipped with a near cmnidirectional
spacecraft antenna. It is difficult, if not impossible, to maintain a specific polarization
over the entire radiation pattern of such antennas; thus, an optimum receiving installation
should be polarization adaptive since a receiving antenna exhibits its maximum effective
cross-sectional area when it is polarization matched to the incident wave. (See ref. 1.)

An arbitrarily polarized wave may be represented as the vector sum of two spatially
orthogonal waves having a fixed time-phase offset. It follows that a wave of arbitrary
polarization, being decomposable into orthogonal components, may be received without
polarization loss with a pair of orthogonal, linearly polarized antennas (or feeds) provided
the components are properly combined. Signals so received cannot be simply added
because of the time-phase difference existing between them. This paper is devoted to an
examination of what is involved in forming a worthwhile combination of polarization diver-
sity signals, and a description of an experimental polarization diversity system.



Generalized signals as received by a pair of orthogonally polarized antennas (or
feeds) niight be expressed as

s1(t) = P1(t) A[1 + m(t)]sin fwot + ¢(t)] (1)
sa(t) = Pa(t) A[l + m(t)]sinwot + ¢(t) + 5(t)] (2)

in which the Py(t), Pg(t), and &(t) account for those differential aspects of the signals
which result in a time-varying received polarization; m(t) and ¢(t) are the message
functions.

Additive noise which can stem from sources both internal and external to a ground
receiving system is associated with each of these-signals. In addition to hindering recov-
ery of m(t) and/or ¢(t), the characteristics of this noise influence considerably the
design of a diversity system. For example, a diversity combination which will yield a
combined signal-noise ratio (SNR) equal to the sum of the individual SNR values when the
channel noises are uncorrelated yields a combined SNR equal to or less than the better of
the input SNR values when the channel noises are highly correlated. (See appendix A.)
This system was designed for optimum performance with essentially uncorrelated channel
noises. Under this condition, predetection combination is preferable to postdetection
combination since the combined SNR can be made to exceed either of the input SNR values.
Predetection combination, in turn, effectively extends the operating range of detectors
subject to thresholding.

It remains to decide which form of diversity combining (selection, equal gain, or
maximal ratio) is most appropriate for combining two channels in which the channel noise
voltages are uncorrelated. Under these conditions, the optimum weighting scheme was
shown by Brennan (ref. 2) to be maximal ratio, in which each channel is gain-weighted
directly proportional to the root-mean-~square signal voltage and inversely proportional to
the mean-square noise voltage in that channel; that is,

Gl(t) _ Pl(t) Ng 3) _
Ga(t) Palt) Ny ‘1

This weighting results in a combined SNR equal to the sum of the individual SNR values.
SYMBOLS

A multiplicative factor of received signal amplitude
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n(t)

P(t)

phase lock loop input bandwidth

ratio of combined signal-noise ratio to sum of input signal-noise ratios

gain weighting factor

primary phase lock loop filter transfer function
secondary phase lock loop filter transfer function
Doppler offset

primary phase lock loop gain

secondary phase lock loop gain

amplitude message function

mean~square noise voltage

additive noise voltage

polarization-induced fluctuations of received signal amplitude
Laplace operator

time constant of motor-phase resolver combination
time

amplitude of received signal

phase lock loop steady-state error

dummy variable of integration

damping ratio

gain weighting error factor



T filter time constant

fch horizontal channel phase error

Ocv vertical channel phase error

84 differential phase error

feh horizontal channel composite phase error
Bev vertical channel composite phase error
Oh horizontal channel feedback phase

Oy vertical channel feedback phase

On horizontal channel input phase

6o primary loop feedback phase

By reference phase

Og phase angle of combined signal

By vertical channel input phase angle

o(t) phase message function

o differential phase angle

1 angular position of phase resolver

wp natural resonant frequency

we carrier frequency

Subscripts:

1,2 diversity inputs



i input

(o} output

5 combined value

d diffe-rential value

1§ feedback

v vertical
Abbreviations:

AGC automatic gain control
AMP amplifier

AM/PM amplitude modulation to phase modulation

BW bandwidth

de direct current

H horizontal

HB hybrid

HGC horizontal gain control

IF intermediate frequency

LO local oscillator

MR maximal ratio

PDC polarization diversity combiner
¢ PLL phase lock loop
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RF radiofrequency

REF reference
rms root mean square
SNR sound-noise ratio

(SNR)y,7 sound-noise ratio at loop threshold

v vertical
vVCO voltage-controlled oscillator
VGC vertical gain control

Dots denote derivatives with respect to time.

DESCRIPTION OF THE EXPERIMENTAL POLARIZATION
DIVERSITY COMBINER

General Description

The basic operations of this system are phase alinement, amplitude weighting, and
predetection combining of S-band signals received by a pair of orthogonally polarized
antenna feeds. The system accommodates modulated signals which contain discrete car-
rier components whose amplitudes are independent of the degree of modulation, but
dependent on polarization fading through the multiplicative factors P(t). This category
includes amplitude and narrow-band angle modulation. The system can effectively com-
bine signals with radiofrequency bandwidths as large as 9 MHz. The system output is at
30 MHz and is used to drive an appropriate data demodulator.

The polarization diversity combiner (PDC) also supplies antenna tracking informa-
tion through the use of monopulse antenna feeds. Each monopulse channel (vertical and
horizontal) supplies three radiofrequency outputs, a sum which has a maximum amplitude
when the antenna is on target and two difference outputs whose magnitudes and signs
reflect the pointing errors in orthogonal planes.

System operation may be explained with the aid of figure 1, a simplified block dia~

gram of the PDC. The six antenna outputs are preamplified and converted to the first
intermediate frequency at 110 MHz in pedestal-mounted front ends. The local oscillator



signal for this mixing is derived from a frequency standard which also supplies (phase)
reference signals for the remaining sections of the PDC.

At the inputs to the second mixers, the monopulse sum signals enter a dual input
multiloop servomechanism which brings the received carriers into phase coherence, per-

forms maximal ratio (MR) gain weighting, and develops an AGC common to all IF ampli-

fiers. (Throughout these operations the monopulse difference channels are slaved to the
sum channel.)

The above-mentioned operations are all dependent on the carrier tracking loops
being locked. Initial acquisition is facilitated with a frequency lock loop which can cor-
rect for first local oscillator tuning errors up to +50 kHz.

The idea of using the MR combination in conjunction with a multiloop carrier
tracking servo as the basis of an effective diversity system is not new. (See ref. 3.) Up
to the present time only a few applications of this scheme have been publicized. (See
refs. 4 and 5.) A unique aspect of this system is the large predetection bandwidth of
9 MHz as compared with 300 kHz or less in earlier combiners.

Carrier Tracking Loops

Samples of the (monopulse) sum channel signals (horizontal and vertical) are taken
prior to the gain weighting stages and routed to the polarization sensor. These signals
are compared with a reference signal to develop an error voltage proportional to (Qv - 9r>
and (Qh - 9r>- The combined signal is also compared with an identical phase reference in
the carrier detector to develop an error proportional to (Gs - 91-). The three error sig-
nals are then negatively fed back through the second local oscillator. Thus, a primary
phase lock loop (PLL) tracks the average phase of the combined vertical and horizontal
inputs and two secondary loops, in effect, track the phase differential between the two
input signals. -

The carrier tracking loop is analyzed and its operational characteristics are dis-
cussed in detail in appendix C. In summary, the primary PLL is of second order, and is
capable of tracking frequency ramps up to 0.7 kHz/second, or one-tenth of the anticipated
maximum Doppler rate. The remaining Doppler rate and offset are compensated for by
supplying programed inputs (based on estimates of the flight trajectory) to the loop. The
secondary loops are of first order and are designed to track rates of change of phase up
to 27 radians/second. These numbers are based on tracking an Apollo type space vehicle
and could easily be changed to accommodate a spin-stabilized spacecraft; however, the
secondary loop bandwidths are limited to perhaps a hundred times those used here because
of time-response limitations inherent to the electromechanical phase shifters (motor-
driven resolvers) which are used in these loops.



Common Automatic Gain Control Gain Weighting

A common AGC loop holds the magnitude of the carrier component of the combined
signal essentially constant. The AGC signal is developed by a correlation detector fol-
lowed by an integrator. All IF amplifiers prior to the point at which the polarization sen-
sor samples the vertical and horizontal channels are (gain) controlled by this AGC signal.
The vertical and horizontal channels have equal gain up to the point at which gain weighting
takes place; hence, MR combination may be achieved without weighting with noise power
ratio (matched vertical and horizontal channels being assumed). The actual gain weighting
is accomplished with voltage-controlled attenuators which employ hot carrier diodes as
voltage-variable resistance elements in a symmetrical 7 configuration. The actuating
signals for these attenuators are derived in the polarization sensor and their ratio is pro-
portional to the ratio of the carrier amplitudes in the vertical and horizontal channels.

Subsystem Matching

Satisfactory operation of this PDC is highly dependent on gain and phase matching
between corresponding components (front ends, IF amplifiers, bandpass filters, and so
forth) in the vertical and horizontal channels, particularly the monopulse sum channels.

No problems were experienced in satisfactorily matching both gain and phase with respect
to frequency; however, amplifier AGC characteristics and limiter amplitude-phase char-
acteristics were more difficult to match. The first problem was alleviated but not elimi-
nated by using a combination of fixed dc bias and resistive padding to effect a closer match
between amplifier AGC characteristics. In retrospect, a much better approach would be
to use fixed gain amplifiers with voltage-controlled attenuators for gain control. The
attenuators used for MR weighting were easily matched to within 3 percent for a 20-dB

control range.

Differential phase shift between limiters occurred when the input signals differed in
amplitude. Series diode clipper sections were found to be far superior to either shunt
diode or emitter coupled pair limiters with respect to AM/PM conversion. The final cir-
cuit showed less than 69 differential phase shift for a 20-dB input amplitude inbalance.

EVALUATION AND PERFORMANCE OF THE PDC

This section presents experimental data which describe the performance of various
PDC subsystems and the overall system. The more salient characteristics of the system
are shown in table I.

Aside from the rather high noise figure, the RF downconverters did not significantly
degrade the systems performance. Thus, the following discussion is concerned with the
IF combiner performance. The measurements to be discussed were made in the

8



monopulse sum channels by using the setup shown in figure 2. In all cases to be dis-~
cussed, the tracking loops were initially locked to the 110-MHz carrier signal.

TABLE I.- SALIENT PDC OPERATIONAL CHARACTERISTICS

Six channel downconverter:

Input frequency, GHZ . . . . . . . . . . . v« v v v v vt e e e e e 2.290 to 2.300
RF bandwidth, MHz. . . . . . . . T e e e e e e e e e e e e e e e e e e e e e e e 50
Noise figure, dB . . . . . . . . . . L e e e e e e e e e e e e e e e e e 5
Gain matching, dB over a 20-MHz bandwidth . . . . . .. .. .. ... ..., ... 0.1
Phase matching, degrees over a 20-MHz bandwidth. . . . . . . . ... ... ... 5
Localoscillator . . ... ... ... ..... Coherent decade frequency synthesizer;

switch selectable in 1-kHz steps

IF combiner:

Input frequency, MHZ. . . . . . . . . . .t i i i i e e e e e e e e e e e e e e e e 110
Noise figure, dB . . . . . . . . . 0 i i i e e e e e e e e e e e e e e e e e e 7
IF bandwidth, MHZ . . . . . . . . . . i i i i it et e e e e e e e e e e e 9
IF phase linearity, degrees across IF bandwidth . . . . . . . . . . ... ... .. +10
Tracking bandwidths:

Primary 100op, HZ/SEC . + « v v v v v v i i i et e e e e e e e e e e e e e e 700

Secondary 100ps, rad/sS€C . . . . . . . . i e e e e e e e e e e e e e e e e e 27
Tracking sensitivity (primary loop), dBm . . . . . . . . . . . . .. .. ... ... -140
Phase matching, degrees over frequency and dynamic range . . . . . . . . . . . . =
Gain matching, dB over frequency and dynamic range . . . . . . . . . . ... .. =3.5
Dynamicrange, dB . . . . . . . . v i 0 0 i e e e e e e e e e e e e e e e e e 60
IFoutput, MHz . . . . . . . . . i ot i e e e e e e e e e e e e e e e e e 30
Overall combining efficiency (equal input signals),dB . . .. .. .. .. ... .. z2.3

Gain and Phase Match as Functions of Input Signal Amplitude

By using only the carrier source, equal-amplitude 110-MHz input signals were

applied to the combiner and the differential gain and phase errors measured at the final
IF summing junction. Equal-amplitude input signals were used because it is under this
condition that the combiner performance is most seriously degraded. (See appendix B.)
These data, plotted in figures 3 and 4, show maximum gain and phase errors of 3.5 dB
and 69, respectively, over a 60-dB dynamic range. These errors can cause a maximum
degradation of 0.3 dB from an ideal summation. (See eq. (B3).)



Differential Gain and Phase Match as Function of Frequency

A carrier level of -100-dBm and -70-dBm test signals from the signal generator
were-applied to the combiner. Gain and phase errors in the combined test signal were
measured at the final summing junction. From figures 5 and 6 and equation (B3), these
errors cause a maximum degradation of 0.1 dB from an ideal combination.

Weighting Accuracy as Function of Input Signal Amplitude Ratio

The weighting accuracy was checked by applying a known input signal ratio from the
carrier source and measuring the ratio of these signals at the final summing junction.
Ideally, the ratio of MR combined signals is the square of the ratio of the input signals.
These data are plotted in figure 7.

Sound-Noise Ratio Improvement With Equal-Amplitude Input Signals

As a final measure of combiner performance, equal-amplitude test signals were -
applied and SNR enhancement between the inputs and the output of the final summing junc-
tion determined as a function of frequency, with carrier level a parameter. These data
are plotted in figure 8 and show a minimum SNR enhancement of approximately 2.3 dB
over frequency and dynamic range. The data points at a carrier level of -130 dBm are
of questionable accuracy in that they show a 3.2-dB SNR enhancement — an impossibility.
These errors were introduced by a poor measurement procedure which became
increasingly inaccurate as the input signal amplitudes were reduced.

CONCLUDING REMARKS

The results of this paper are primarily of a practical nature. Specifically, the
feasibility of a wide predetection bandwidth (9 MHz) polarization diversity combiner has
been demonstrated. Various sources of system error have been examined and their char-
acteristics described for an experimental polarization diversity combiner and techniques
for reducing certain of these errors were suggested. With all sources of error, the sys-
tem exhibits a signal-noise ratio enhancement of at least 2.3 dB. When used in conjunc-
tion with orthogonal monopulse feeds, the receiving system is polarization adaptive. The
most fundamental limitation of the system is perhaps its inability to track modulated sig-
nals lacking carriers such as wide-band frequency and single side-band modulation.

Langley Research Center,
National Aeronautics and Space Administration,
Hampton, Va., June 8, 1970.
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APPENDIX A
MAXTMAL RATIO COMBINATION

The purpose of this appendix is to present a simple derivation of the maximal ratio
weighting relationship along the lines of that published by Kahn. (See ref. 6.) Figure 9
represents a basic polarization diversity combiner in which sinusoidal input signals are
assumed to be maintained in phase coherence by phase-control circuitry. These signals
are assumed to be corrupted by internal (hence, uncorrelated between channels) bandpass
noise.

The output voltage signal-noise ratio is

solt) _ (\[§G71V1 + {2GgVy)sin wt a1
no(t) Glnl(t) + Gznz(t)

Because of the assumed phase coherence of the signals and incoherence of the noise volt-
ages, the combined power SNR may be written as

2., 2 2., 2
G1 V1 + 2G192V1V2 + G2 V2

(SNR)O = 2 2 (A2)
G1"Ny + G9"Ng
This expression has a maximum with respect to Gy /G2 when
Gy VN
21172 (A3)
Gy Va Ny
For this gain ratio, the SNR is
v V2
SNR = — + — (A4)
N1 Ny

or the sum of the individual SNR values.

A much different result is obtained if the channel noise voltages are essentially cor-
related (between channels) as would occur if the noise was predominantly external in
origin. Equation (A2) now reads

2

(GI\IN_I + Gz\jN—z)z

11



APPENDIX A — Concluded

since the noise voltages add directly. In this case, the output SNR resulting from a
MR combination is actually less than the better of the two input SNR values. To show
this relationship, equation (A5) is normalized to (SNR)1 with Gjp /G2 being given by
equation (A3)

2
(SNR)2
L Evm
(SNR), 1
= (A6) -
(SNR)¢ 2
SNR),
(SNR)4
(SNR)2
which has a minimum value of 0.685 when & R) = 0.171, or 1.7 dB less than the larger
1

input SNR. Switching diversity is clearly preferable to maximal ratio diversity when the
channel noises are highly correlated.

12



APPENDIX B
ERROR ANALYSIS OF A NONIDEAL MAXIMAL RATIO COMBINATION

For the nonideal maximal ratio combination of figure 10, the degradation of output
power SNR relative to an ideal combination as a function of amplitude weighting error ¢
and phase error & can be determined. As before, the input signals are sinusoids of
amplitudes Vl\[—i and Vz\ﬁ. The noise voltages are assumed to be uncorrelated and of

equal mean-square value. The last two conditions are approximately met in the PDC,
where a common AGC voltage controls precombination gain in all channels.

The output power SNR in an arbitrary bandwidth about wg, is

2 2
[VIGI + V9Go(1 + 0)cos 6] + [V2G2(1 + o)sin 6]
(SNR)O = }
N[Glz + Gzz(l + 0)2]

The mean-square channel noises being equal, the optimum gain ratio Gy /Gz is, from
equation (A3),

(B1)

G v
a4 (B2)
Gg Va

for the ideal coherent summation. By using this information, equation (B1) may be nor-
malized to the sum of the input SNR values

2 4
Vo Vo 2
1+2—=1(1+0cosd+{—=j{(1+0
(SNR), vy <V1> (1+9) <V1> (t+o)
e =Djo, —, 6] = - e (B3)
(SNR)]_ + (SNR)9 21

2 2
Vs Vo 2
1lel— | |l+[—](1+0)
\Z VA
The behavior of this equation around the optimum point ¢=0, & =0 is of interest. It

may be seen from table II that D decreases most rapidly with 0,6 when the input sig-
nals are of equal amplitude.

13



APPENDIX B — Concluded

TABLE H.- SNR DEGRADATION WITH GAIN AND PHASE ERRORS

Case Phaseéerror, Gain grror, VZ/VI D D, dB
1 +60° 0 1 0.75 1.25
2 0 +1, -1/2 1 .90 .45
3 +60° +1, -1/2 1 .70 1.54
4 +600° 0 2 .761 1.18
5 +600 +1 2 167 1.15
6 +60° -1/2 2 .70 1.54
,,‘ / L B R DG ’

It is worth noting in the unequal signal cases (cases 4 to 6) that gain and phase errors

can be partially compensating. In general, 9 equals zero, and thus indicates a
2(v/V1)

maximum or minimum of D, when

2 2

(1 2V2 V2 —

+ 0) -V—cosé-(1+o)v- ~1l+cos6=0 (B4)
1 1

is satisfied.

14
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APPENDIX C
TRACKING LOOP ANALYSIS

Basic Equations

This section examines the carrier tracking servomechanism for the purpose of
deriving equations describing its behavior. The analysis considers the case of equal
input signals because it is under this condition that the MR combination is most seriously
degraded by noncoherence between the combined signals. (See appendix B.)

Only the sum channel needs to be considered since the difference channels are
slaved to the sum channel. Figure 11 was derived from the overall block diagram. It
contains only elements which are essential to this analysis and serves as an intermediate
step in the development of a phase equivalent circuit. An idealized phase transfer func-
tion for the motor-driven resolvers in figure 11 may be derived by noting that in the
vertical channel

B0 (1) = Oo(t) + Wy (1) (1)

where zpv(t) is the angular position of the resolver shaft. The angular velocity of the
dc motor dz,bv/dt is assumed to be proportional to the phase error gey(t):

dyy,
—— = Beylt 2
D ev(t) (Cc2)
therefore,
t
65,(t) = B0 () + go 6oy (V)N (C3)
or in transform notation,
1
6;,(5) = 60(s) + 5 Bcy(s) (c)

Similar equations can be derived for the horizontal channel. Time-response limitations
of the dc motor necessitate a slight modification of the expression which will be introduced
later. The IF signal summer acts as a phase averager to equal-amplitude input signals.
With these preliminaries the phase equivalent circuit (fig. 12) follows logically. No gen-
erality is lost in assuming 6,(s), the reference phase, to be zero. From figure 12,

15



APPENDIX C — Continued

Geh(s) + Gev(s)
2

6g(s) =

(C5)

The vertical and horizontal composite phase errors, 6gy(s) and 6gp(s), may each be
viewed as consisting of two parts: the combined phase error 6g(s), and the deviation
from the average ed(s). However, 64(s) does not appear as an isolated signal in the

system
fev(s) = 05(s) + 64(s)
and
feh(s) = 0s(s) - 64(s)
The differential phase error is, from equations (C6) and (C7),

04(s) = ev'® ; Geh(?’)

Thus, 6gy(s) may be shown to be

SGV(s) - 6g(s) K1F1(§)
S + Kze(s)

fev(s) =

and
s (s) - 6.(s) K Fq(s)
eeh(s)= h s 1
s + Kze(s)

Substituting equations (C9) and (C10) in equations (C5) and (C8) yields

o ( ) ev(S) = Gh(s) s
S} =
d 2 s + KgFo(s)
and
_ Hv(s) + eh(s) s
QS(S) - 2 S + KlFl(S) + K2F2(S)

(Ce)

(C7)

(C8)

(C9)

(C10)

(C11)

(C12)

which define the differential and average phase errors in terms of the input phase angles
and loop parameters. The second factor in equation (C12) is also the transfer function of

the system to the phase of the combined input signals.

16



APPENDIX C — Continued

Selection of the Loop Filters

The loop filters Fq(s) and Fg(s) are dictated by the anticipated behavior of
by + 6 Oy - 6y
2 2
S-band, axial-motion effects between spacecraft and ground antennas appear to be the
most important considerations in selecting the primary loop filter. Doppler frequency

offsets as large as 80 kHz and Doppler shifts up to 7 kHz/second are to be expected.

, and the errors that can be tolerated in tracking these inputs. At

These parameters may be predicted from the flight trajectory since it is usually
well defined. Thus, the loop may be designed either to track fg and fd to their maxi-
mum excursions or programed inputs derived from the flight trajectory can be supplied
to the loop that largely compensate for fy and fd. The later course was followed and
the primary loop made of second order, type 1, capable of tracking frequency ramps up to
one-tenth of the maximum anticipated Doppler shift or 0.7 kHz/second.

8_-86

The behavior of the differential phase input V—zh seems to be more difficult to
predict, since it is dependent on the spacecraft's antenna characteristics and spatial ori-
entation with respect to the receiving antenna. The rate at which a manned space vehicle
can change orientation is very slow. The most drastic maneuver is probably a roll or
tumble. For example, the Apollo spacecraft is limited operationally to a maximum roll
rate of perhaps 10° per second. The rate at which the polarization of a wave received
from a spacecraft changes as the spacecraft undergoes a fumble was assumed to be rather
rapid compared with the roll rate, and the secondary loops were designed to track rates
of change of phase, due to &(t), up to 27 radians/second.

To accommodate phase ramp inputs with finite tracking errors requires that the
secondary loops be first order, type 1, corresponding to an Fo(s) =1 in equation (C11).
In this system it is necessary to include with Fy(s) a factor which accounts for time
response limitations of the dc motor-phase resolver combination. Equation (C4), which
describes the operation of the combination, is more accurately given by

ecv(S)

GfV(S) = GO(S) +S—(ST—+1)-

(C13)

where T is the time constant of the elements and was found experimentally to be 4 milli-
seconds. Taking the lag term into account modifies the expression for differential phase
error (eq. (C11)) to

s(sT + 1) 6v(s) - 8(s)

04(s8) =
d szT+s+K2 2

(C14)

1




APPENDIX C — Continued

Application of the final value theorem (ref. 7, p. 147)

€o = lim 64(t) = ém(l) s 6g(s) (C15)

t—o0

to equation (C14) yields the steady-state error. For a phase ramp input

0y(s) - Op(s) on

2 g2
hence

27
€, ==— (C16)
d Ko

It was desired to limit this error to 0.25 radian, a value at which a sinusoidal phase
detector, the most nonlinear element in the loop, departs from linearity by about 1 per-
cent. The required gain Ky is therefore 25. At this gain the secondary loop is for all
practical purposes independent of the lag term (0.004s + 1)'1 and it will be neglected in
all that follows.

A transfer function that closely approximates

S‘Tz+1

Fy(s) = (c17)

STl

was used in the primary loop. The combined phase error (eq. (C12)) is, with this loop
filter,

2 6y(s) + 6y(s
QS(S) = = . v 5 h ) (018)
Kqy7 K
s2 +s<K2 + 1 2).,__1
7'1 Tl
which may be put in the standard notation of a second-order servomechanism
2 .,(s) + 6.(s)
GS(S) = S o A\’ h ) (Clg)

8% + 2kwys + wn2 2

Application of the final-value theorem to equation (C19) yields, for a phase parabola
input cbﬁ3, the static error

18
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APPENDIX C — Concluded

€g = ﬁ (C20)
n

The dynamic characteristics of the loop are determined by both w, and £. A damping

factor of 0.707 results in a reasonable compromise between the conflicting factors of

rise time and overshoot for a phase parabola input (ref. 8, pp. 34-35); furthermore,

£ = 0.707 has been shown to be optimum for tracking a noise~corrupted phase parabola

input (ref. 8, p. 72). With eg, £,and Ky known, w,, Tg,and K1/71 may be

determined from equations (C18), (C19), and (C20) and are: w, =133 (for

& = 27 X 700 radians/second?), 79 =9.2%1073, and Kj/7y =1.76 X 104,

There are sound practical and theoretical justifications for preceding a PLL with a
bandpass limiter. (See ref. 8, p. 73.) In designing a prelimited loop, it is necessary to
consider the signal suppression effect which becomes important when the input SNR to
the limiter is less than 10. For (SN‘R)i < 10, the effective loop gain decreases with
decreasing (SNR);j. In terms of the loop parameters already specified, it may be shown
that the minimum (SNR);, which occurs at loop threshold (SNR) T, is given by (ref. 8,
p. 20)

(SNR);p = g—“ :

4; LSNR); 1 (Cc21)
The input filter bandwidth Bj was set at 3 kHz to accommodate the tracking error of the
frequency lock loop. Taking a conservative 10 as (SNR)p, leads to a value of unity for
(SNR);. At this SNR the limiter suppression factor is approximately 0.66. (See ref. 8,
p. 56.) At loop threshold the loop gain.is therefore 0.66 of the gain at high values of
(SNR);. Threshold was taken as the design point for £ and wyp. At high input SNR val-
ues, wp increases to 165 and £ to 0.883. These changes are relatively insignificant
in terms of loop performance.

Stable operation of the multiloop servo is assured since the poles of equations (C14)
and (C18) lie well in the left half-plane for values of gain Kj; and Ky far in excess of
the design values.

19
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